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Prologue: Perfect derivatives and conservative differences
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Prologue: Perfect derivatives and conservative differences
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Prologue: Perfect derivatives and conservative differences

3 (.3 3y [ U1 — Uy
N Z AAx (UV+1 - uu) 373 Ax — boundary terms of u

e How do we come up with (x) ?

e Do we have a recipe for general case, u3 +— n/(u)?
and ...

e Why do we care about it?



Nonlinear stability - the role of entropy functions

o | " 0 m
e Euler equations: — | m |+ = gm+p =0

ot ox

E q(E +p)
® Velocity g = m/p; Pressure p = (v — 1)(E — m?/2p);
® Specific entropy S := In(pp™7):

7(u) F(u)
—N — =0
o5)e+ o). { 2
e Nonlinear conservation laws: ur+V,-f(u)=0
entropy perfect derivatives?

((w). i + 9 £0) = 0) = 7w + TV f) {2 0

e 7(u) is an entropy iff <77u(u) , V- f(u)> = Vx - F(u)




The question of entropy stability

» Entropy conservation: n(u); + Vx - F(u) =0

v

Entropy decay due to shock discontinuities (Lax):

n(u)t+VX~ F(U) S 0

Entropy decay is balanced by perfect derivatives:

/n(u(x, t))dx < /n(u(x, t1))dx, tb>t

Q. How much entropy decay " <" is enough?

v

v

v

A. "physically relevant” entropy decay (w/10 examples):

Entropy conservative Euler vs. entropy decay in Navier-Stokes
Entropy conservative schemes vs. artificial numerical viscosity
Entropy stability and second-order schemes

Entropy stability and time discretization

Shallow-water eq's: Well-balanced schemes

vV vy VY VvYyy



Entropy conservation: PDEs — numerical approximations

(o), we +F(u)) =0 VRO ) ek ) { <0

e Semi-discrete approximations:
d 1
—u(8) + [fy+% - fyf%] =0 f1 =FUpi1, o Utp)

e Entropy conservative discretization:

S F .1—F
d v+ v—1 ? d v+ v—2 =0
uy(t 3 2 _ [N At 2 3
RO A 0= glu(O)+—x3 { <0
Does <17u(u,,) , fu+% —fU7%> — FU+% — FV_%

so that => Y n(u,(t))Ax { 2 } > " n(u,(0))Ax



A 'faithful’ approximation of Euler/Navier-Stokes eq's

Q. How much entropy decay " <" is enough?
* Entropy decay in Navier-Stokes equations

ol ”| o m @ | © @ |0
| m |+t | amtp | =(AM2u)55 g |trhos
ot E ox q(E +p) Ox /2 0x 0

viscosity heat conduction
n(u®) Fe(u) - > /—’\—2\
S S 1 en(@)0), = (1 +21)\%) i
(=pS); + (=paS + eIn(0)x), = —(A+2p) =)= —r= 3
A. Choose f 1 =f* | with no artificial numerical viscosity:
v+35 vt3

o

<0

Fo1—F,

v+35 v—35

9 ) +
dt77 v Ax

— 2

{ ~[(50)(5) + (52) (5) ] =0 ws eas



Entropy variables and entropy conservative schemes

e Fix an entropy 1(u). Set Entropy variables: v = v(u) := n,(u).
©® Convexity of 7(+), u <> v is 1-1: v, = ny(uy,)

d * *
auy(t)* _E[f’/‘i’é —f 7%i| f+é —f(VV p+1,...,vy+p)
e Entropy conservation: (1y(uy), f V_%> L Foi—F 2
perfect difference perfect difference

<v,,,f:+%—f:_%> if and only if <vl,+1—vl,,f:+%>:

e Entropy conservative: <VV+1 —Vy, f:+%> = w(Verl) - T/J(Vu)

e Entropy flux potential: 1(v) := (v, f(v)) — F(u(v))

* The scalar case: n/(u)f(u)x=(...)x - all convex n's are entropies



#1. Scalar examples:

1.1 Toda flow: us + (e¥)x =0

Exp entropy pair: (e“); + (e?“)x =0, n(u)=e

Entropy variable v(u) = e", potential ¥(v) :=vf — F = %vz
e Dispersive, entropy-conservative flux:

Y(va1) =¥(w) _ 3o —3v% 1 1
f* — f— = — = — [euV eu,,+1:|
v+i Vsl — Wy Vurl — W 2 (v + v41) 2 +

e Entropy-conservative centered scheme (..., Deift, McLaughlin...):

e“u+1(t) — euufl(t)

2AXx

d
—u,(t) = —
7 (t)

d Uptuyt1 _ pUptup—1
Ee“”(t) —_c 2A)f — Z e () Ax = Const.




_ (1) — ¥(w)

#1. Scalar examples cont'd: f .
2

1.2 Inviscid Burgers: ue + (3u%)x =0

1 1
quadratic entropy (§u2)t + (5”3)X =0, n(u)= o F(u)=—
Entropy variable v(u) = u, potential ¢(v) := vf — F = tu

ol :
e Entropy conservative “z-rule:

iu (t) = 2 LH — U 1 u, et — vl
dt " 3 4Ax v

— Z u?(t)dx = Const.

e Same with any scalar conservation law and any convex entropy

4

) ) u
Conservative differences of u, and v3u, = <4) :
X

4 ut 3.4

n(u) = —, v=1u3 f(u)=u, F:Zand @b(u):Zu

=



#2. Entropy stability and dispersive oscillations

2 Entropy conservative Burgers' discretization with 7,(u) = u?P

p=1 p=28
® The control of L*°-norm as p 17

» Mesh scale oscillations: entropy as a selection mechanism
from micro to macro

» No uniqueness: maximum entropy production principle
(E.T. Jaynes, Dafermos, ...)

» Do not “enforce” physically relevant solution by artificial
numerical viscosity



#3. Second order artificial numerical viscosity

° Express (f* —f* 1) as “viscosity” correction
V=3
centered differencing Ax?(Quyx)x
d () = F(u)] 1 8
Euy(t) T [ 2Ax ] +2Ax [Q”JF%AU”*% B Q”_%Au”_%}

% * 1 ! 1"
G o Q=g G- (,©)4) - A

Uy—rUy41

*
° QVJF% ~ A“u+% — second-order accuracy

e A comparison principle:
A difference scheme is entropy stable iff QH; > Q"
2 vt3

3 Artificial numerical viscosity [LxW 1960]

QY = [f’(uyﬂ) —f'(w,)]" > Q.1



#4. Beyond second-order accuracy

e Weak formulation of u(v); + f(v), = 0:

/Q<W(x, t), ;tu(v)>dx:/ﬂ<§xv’\v(x, t), f(u(v))>dx

e [Tadmor 1986]
Finite-element discretization: v — U(x, t) = >, v;(t)H;(x):

| gt )f(Z vj(r)f%(x>>dxdt =-[6 -0

X, _ -
v—1 J

e [LeFloch & Rohde 2000]

Third-order entropy conservative flux )‘;‘Jrl
2

¢ = [ (e @)oe - e an.g - e



Systems: (V,11 — V,, fy+%> = (Vy11) — (V)

e Choice of path: N linearly independent directions {rJ'}JI.V:1

. j N — e
® Intermediate states {v’wr%}j:l. %
o — (®
Starting with v! bl = v, and followed by (Av,/+ =V, V)
2
1 . _
v = < V)P J =12 N W = )
o [Tadmor2003]
1
The conservative scheme auy(t) = ~Ax [fy+; —f_ %}
j+1 '
V() v, )
Fi1= ] =t
S <ej7 Avu+%>

is entropy conservative: <v1,+1 -V, f;+%> = P(vy41) — Y(vy)



#5. Entropy conservative Euler scheme (with W.-G. Zhong

v oY) =)

v+s5 i
A g VALY
2 =1 (e, Avy+%>
» Entropy function: n(u) = —pS
—E/le—S+~y+1
» Euler entropy variables: v(u)=n,(u)= q/0
-1/6

» Euler entropy flux potential ¢(v) = (v, f) — F(u) = (y —1)m
» path in phase-space:

» VO0=v,, WHl=w4 <£J,Avy+%>rf, vi=v, 1

{rj }jzl . three linearly independent directions in v-space (Riemann path)
373 .
{ZJ }J.Zl . the corresponding orthogonal system

i13 . .
{mf}j:1 . intermediate values of the momentum along the path

3 . .
mtl—m .
» 5 ff i =(yv-1 E S
v+i (v )j:1 (ngAva
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Does not “enforce” physical solution with numerical viscosity



#6. Entropy balance in Navier-Stokes eq's

e A semi-discrete scheme of NS equations u; + f(u), = ed(u)xx

iuy(t)+i<* f1) e(d”“_d”—d”_d”‘l)

dt Ax\v+3 — v=3) T Ax\T Ax Ax
3 . .
rnj+1 - m .
e Entropy-conservative flux f* , =(y—-1) Y ———— ¥
vt3 e W Vi1 — vy

1 . d
e Euler eq’s: entropy conservation p Zy: n(u,(t)) Ax =0

Adu 1
6 NS: &3 n(u,(t) Ax=—-Y, §<Avy+%, ﬁmwg <0
vta

d
* Z(—p,,S,,)AX =

v
viscosity heat conduction

ROEN) GG, Y (),




10 ¥=1.4,C, =716 k= = ) 842501

1-D N~ ) P In(pp ) 4t=

12
¥
i
1
I
08 +
H
08|
04
H
02
H
H
- . . . . . . . . . ,
0 o1 02 03 04 05 o5 07 o8 05 1
280-005-L4.C; entropy=-p n(pp ™) 452 50~ 1-D -5, entrop 31d R-K mid entopy Py =5 e
-0032 1
00w ]
£ oom ]
S o038 4
=
-0039) 1
002 ]
0 o1 o0z 03 04 05 o5 07 o8 03 1 0 ool ooz o8  oos 005 00 007 006 008 o1
l

x

Navier-Stokes equations for Sod's problem

viscosity but no heat conduction; 4000 spatial grids. n(u) = —pln (ppfa’)
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#7. Entropy stability for fully discrete schemes

7.1 The backward Euler scheme - unconditional stability

un—‘,—l —u" — )\|:f* 1( n+1) 1( n+1)}’ vn+1 — v(u(tn+1))
v+s ufi
1

7.2 Crank-Nicolson: v"*2 ::/ v(u”+%(£))d§$é u™:

-1
n+1 _ . .n * —nti * —nti
u," =u — )\[fwr%(v 2) — fu_%(v 2)]
is an entropy stable ( — conservative) scheme iff the semi-discrete is

7.3 Modify LxF:

1 A
uttl = Z(UZH +2u) +up_y) + > [F(u)1) — Fup_y)]
Ax At V21
LxF * _- +QF
=7 > FL : A <
Qu+2 2At nxn 2 @ — C Ax m)?x|/\( @)= 2




2D shallow water equations (with U. Fjordholm, S. Mishra

» Vertical scale of motion < Horizontal scales

/\_/\/

h

- ==

» Navier-Stokes equations — Shallow water equations.

O + Oxf(u) + 9,8(u) = KOy (hdxd(u)) + k0, (hd,d(u)),
» Conserved variables: u = [h, uh, vh]"
height h and velocity field (u, v);
» Convective fluxes:
f = [uh, u>h+ gh?/2, uvh]", g = [vh, uvh, v’h+ gh?/2]"
» Viscous fluxes d = [0, u, v]™



2D shallow-water equations cont'd

ht + (hu)x + (hv), =0,
(hu): + (hu2 + %gh2>x + (huv)y = £((hux)x + (huy)y),

(hv): + (huv)x + <hv2 + ;gh2>y = /<;((th)X + (hvy)y),

» x> 0 — constant eddy viscosity;
determines transfer of energy to small scales

» Entropy - total energy n(u) = (gh® + uv*h + v2h)/2
dissipated by eddy viscosity

» Quadratic fluxes in h, Vhu and Vhv:



#8. Explicit Energy conservative (EEC) fluxes

e Energy conservative fluxes - an algebraic approach to ...

<Vu+1,u — Vo, f*(u)y—{-%“u,> = ¢(VV+1,M) - w(vu,u)

. 1
e ... using the average values: W, 1= E(Wy + W,,+1)

N

hV'i‘%,MuV'*‘%vﬂ

2 —
. _ g
8 f (U)u+%,# = | Tvtgm (UVJF%#) * 2 (hz>u+l 1
27

>

>

vl ol wVord
* J—
g (u)y“u+% e

e Energy conserving fluxes —» path in phase space?



#9. Energy stable scheme - Roe-type viscosity

1

9 fEROe(u)V+%,#:f*(U)y+%,u 5 1/+1

ERoe(u)

‘A‘ 1 Avu—l-%,u

g vty



#10. Well-balanced shallow-water schemes

he + (hu)x + (hv), =0
1
(hu)e + (hu2 v Egh2>x + (huv), = —ghby

1
(hv)e + (huv)x + (hv2 + Eghz) = —ghb,
y
e Steady solutions due to bottom topography b(x, y):

® Lake atrest: H:= h+ b= Const.; u=v=20
© Other equilibrium states: wuy + vuy, 4+ gHyx = 0
uvx +vv, +gH, =0

10. Recovered by the energy conserving — E(u) = % (h(u2 +v2) + th):

F(u)x G(J‘i)y

-~

1
E(u)t+§ (hu? + huv? + ghH) +

N )

2 3
(huv + hv> + th)y {

IA



Perturbation of lake at rest



Other equilibrium steady state of shallow-water

uuy + vuy, + gHy, =0
uvx +vv, +gH, =0
F(u)x G(u)y

—~

1 1
E(u)e + 5 (hu® + huv? + ghH) _+ 5 (hu?v + hv® + th)y {

IA I
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